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Symmetry and selection rules in the Raman spectra of carbon nanotubes
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The symmetry of achiral single-walled (#,0) and (n,n) carbon nanotubes (CNTs) was
examined and the frequencies and types of vibrations allowed in the Raman spectra were
calculated. The vibrational spectrum was evaluated as the eigenvalues of the dynamical matrix
at the I'-point of the Brillouin zone. The selection rules for the Raman active vibrations were
estimated by the values of the matrix elements responsible for the intensities of corresponding
vibrational transitions. The (n,n)-CNTs with even and odd n values are characterized by five
and six allowed Raman active vibrations, respectively. The number of Raman active vibrations
for (n,0)-CNTs is five if n is even and eight if # is odd. Detailed analysis of the results obtained

is presented for the (10,10)-CNT as an example.
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Carbon nanotubes (CNTs) are highly ordered quasi-
1D structures. The existence of different geometric and
topological forms of CNTs predetermines most of the
interesting properties of these objects.!=3 Raman spec-
troscopy is particularly useful for characterization of CNTs
with respect to their diameters, chirality, and manifesta-
tion of semiconducting or metallic properties. Despite
considerable advances in the experimental and theoreti-
cal studies of the Raman scattering, there is a number of
moot questions. In particular, this concerns the determi-
nation of the total number and symmetry of vibrations
allowed in the Raman spectra.

It has been assumed for long that, depending on the
evenness of the # value,4 achiral* (n,0)- and (n,n)-CNTs
are characterized by a total of 15 or 16 Raman active
vibrations, seven of them being intense’ in the spec-
tral region below 1600 cm~!. Interpretation of the ex-
perimental Raman spectra was based on these predic-
tions.%7

Recently,8 the predicted number of the Raman active
vibrations was reduced to eight. This result was obtained
using the line group theory? developed earlier for isotactic
polymers.10 The necessity of employment of this an ap-
proach is due to the fact that none of the point symmetry

* Carbon nanotubes in the armchair (n,n) and zig-zag (n,0)
conformations are called achiral CNTs.

groups known to date can completely describe the sym-
metry of CNTs using its own symmetry operations and
only the nonsymmorphic* groups permit description of
all symmetry operations for CNTs.

In this work we present a detailed analysis of the Raman
spectra of achiral single-walled CNTs. A feature of the
approach proposed is that it begins with the definition of
the eigenvalues (squares of frequencies) and eigenvectors
of the dynamical matrix and is free from symmetry re-
strictions. Allowance of particular normal vibrations in
the Raman spectra was determined by evaluating the inte-
grals responsible for the corresponding vibrational transi-
tion probabilities. The point is that assignment of a point
symmetry group to a particular CNT is rather arbitrary.
For instance, the symmetry of the (n,n)-CNTs can be in
equivalent manner described by the D, or D,; groups,
though none of them individually can provide a complete
description of the symmetry of the CNTs. Naturally, the
symmetry assigned to a particular vibrational mode can
vary depending on the choice of the symmetry group.
Appropriate group theory information!!>!2 is used as re-
quired.

* Groups for which a complete set of symmetry operations for
an object includes both the symmetry operations of the point
groups and the spatial translations are called nonsymmorphic
groups.
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Calculations were carried out using the Brenner em-
pirical potential for hydrocarbons!3 and the Menon
semiempirical (tight-binding) scheme.1415 Infinite CNTs
were simulated by cyclic boundary conditions. Calcula-
tions were carried out for achiral (#,0)- and (n,n)-CNTs
with n = 9—12.

Symmetry operations for CNTs

In this section we present necessary information con-
cerning the symmetry of CNTs and consider achiral
(n,n)-CNTs with both even and odd » values. Examina-
tion of the symmetry of the (n,0)-CNTs was performed in
a similar way; however, the results obtained are not dis-
cussed here because of similarity of the conclusions drawn.

Table 1 gives a complete list of the point symmetry
operations for the (n,n)-CNTs with even and odd » values
as well as the symmetry operations for the point groups
D,;, and D, ;. The fragments of the (n,n)-CNTs with even

Table 1. Symmetry elements of point groups D, and D, ; and
symmetry elements of the (#,n)-CNTs with even (I) and odd (II)
n values

Symmetry D,, D,, (n,n)

clement 1l I 1 I 1l
E + + + + + +
c,m + + + + + +
S, + + — — + +
S - - + + + +
o, + + + +
S + + — — + +
oy + — + + + +
c,’ - — + + + +
c,” + + — — + —
c, + — — — + +
i + — — + + +

and odd » values are shown in Fig. 1, a—c (n = 6) and
Fig. 1, d—f(n =15). Clearly, all (n,n)-CNTs belong to the

C, d

£—>Nﬂ
E

Fig. 1. Symmetry elements of a (6,6)-CNT (a—c) and a (5,5)-CNT (d—f). The elementary fragments comprising a chain of
hexagons (a, d) and a cycle in the armchair conformation (b, e). The developments of the lateral surfaces of these CNTs projected on

the hexagonal lattice (c, f) are also shown.
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point symmetry group D,, since they have an n-fold sym-
metry axis C, and n (most often, different) C, axes passing
perpendicular to the C, axis: D, = C, ® C,.

Further assignment to a particular point symmetry
group depends on the choice of the elementary fragment.*
For instance, let the elementary fragment of a CNT with
even n value be chosen in the form of a chain of hexagons
(see Fig. 1, a). In this case a total of n twofold axes is
divided into two classes comprised of n/2 axes each. One
class of the twofold axes, C,", passes through the mid-
points of the opposite horizontal bonds, while the other
class, C,”, passes through the centers of the opposite hexa-
gons.** There is also a symmetry plane o, perpendicular
to the C, axis and passing through the centers of the
hexagons. The inversion center, i, coincides with the fixed
point. With such a choice of the unit cell the (n,n)-CNT
should be assigned to the D,;, (D,, = D, ® c;,) point sym-
metry group with the following group generators: C,,,
C,, and o,

If the elementary fragment of a CNT with even n value
is chosen in the form of a cycle in the armchair conforma-
tion (see Fig. 1, ), it has n twofold axes C,””" belonging to
the third class and passing through the midpoints of the
opposite slanted bonds. There are also n symmetry planes
o, passing through the C, axis and bisecting the angles
between the neighboring C,” axes. Inversion is absent.
With such a choice of the elementary fragment the
(n,n)-CNT should be assigned to the point symmetry
group D,,; (D,; = D, ® 6,). In this group, a roto-reflec-
tion axis appears, $,, = C,0;,", where the ¢,” plane is
perpendicular to the C, axis, passes through the mid-
points of the slanted bonds, and is shifted downward
by T,/4 with respect to the 6, plane. The translation vector,
fz, is a spatial symmetry operation (see Fig. 1, ¢) and its
length is equal to the distance between the centers of
adjacent hexagons along the z axis. The fixed points of the
point symmetry groups D, and D, , are shifted relative to
each other by 7,/4.

The symmetry of (n,n)-CNTs with odd » values can
be analyzed analogously. Depending on the choice of the
unit cell, such CNTs also can have a D, or D, ; symmetry
(see Table 1, Fig. 1, d—f).

Examination of the symmetry operations for CNTs
and the point symmetry groups D, and D, , (see Table 1)
shows that the CNT symmetry is higher than that of each
point group and that none of the groups provides a com-
plete description of the CNT symmetry. The use3 of the
line group theory®1? allowed reduction of the number of

* An elementary fragment of a CNT is a rectangular frag-
ment constructed on the chiral vectors CT;, and the translation
vector 7.2

** The choice of the elementary fragment in the form of a chain
of hexagons is somewhat incorrect, since the "upper” and "lower"
atoms are shared by two adjacent fragments. A way out is to
occupy the lattice sites by the halves of atoms.?

the Raman allowed vibrations but left some problems for
the (n,n)-CNTs unsolved.*

Calculations of vibrational spectra
using dynamical matrix

A vibrational spectrum of an arbitrary molecular sys-
tem can be obtained by solving the matrix equation

DX = Mw?BX, (1)

where D is the dynamical matrix, B is the quadratic form

of the kinetic energy (E,; = O.SZByvivj) (v; and v; are
i>j

the generalized velocities of the atoms i/ and j, respec-
tively), o, and X, are respectively the frequency and eigen-
vector of the kth normal mode, and M is the mass of the

carbon atom. The matrix elements, D,-j, have the form

D= (9*E)/(90,0B)), (2)

where E is the potential energy and o, and Bj are the
generalized coordinates of the atoms 7 and j, respectively.
In the Cartesian coordinates the matrix B in Eq. (1) is the
unit matrix, /, and the vibrational spectrum is determined
by diagonalization of the matrix D. However, it is more
convenient to use the cylindrical coordinates {z,r,¢}.
Cylindrical symmetry of CNTs allows simplification of
the construction of the dynamical matrix: it is sufficient
to determine the matrix elements for two adjacent atoms
and then breed them for the whole matrix using symmetry
operations. The Brenner and Menon potentials employed
in this work permit analytical calculations of the second
derivatives of the potential energy, which essentially sim-
plifies the procedure for constructing the dynamical ma-
trix and permits refinement of the results obtained.

If a CNT comprises N atoms, the order of the corre-
sponding dynamical matrix is 3Nx3N and Eq. (1) has
3N solutions. A very large aspect ratio allows the CNTs to
be treated as infinite in one dimension. In this case, only
the vibrations at the center of the Brillouin zone (I'-point
at k, = 0, the z axis is directed along the CNT axis) are of
interest. The modes with k, # 0 contribute only to the
Raman spectra of finite CNTs.16:17 As a result, the order
of the dynamical matrix is reduced to 3N x3N’, where
N’ is the number of atoms in the chosen fragment (not
necessarily elementary fragment) and 3N~ is the total
number of modes with k, = 0. The eigenvector of the
kth normal mode also has 3N~ components and com-
pletely describes its symmetry: for the kth normal mode
(k =1, 2, ..., N) the eigenvector of the /th atom
(I=1,2, ..., N') has three values ({z}, 7, $%}) character-

* The following group structure was proposed to provide a com-
plete description of symmetry: G[n] = T, ® [D,, ® (D ;=174 ©
C,) @ C,, ®S,,]. The presence of only eight Raman active
vibrations was inferred from analysis of this group.
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izing the relative displacement of each atom from the
equilibrium position. Then, the procedure for the deter-
mination of the symmetry of any normal mode becomes
readily programmable. Using original code, we found
all symmetry operations for each of the 3N" normal
modes. Special emphasis is placed on the doubly degen-
erate states, since one should distinguish between the
occasional and true double degeneracy of the E modes.

Symmetry of these normal vibrations was determined
using conventional rules.!1:12 Nondegenerate modes are
labelled A (B) depending on the symmetry (antisymmetry)
with respect to the S,,' operation. The states that are
symmetric (antisymmetric) with respect to rotation about
the C, axes are denoted by subscripts 1 (2). The subscripts
g (u) were used to label the states that are symmetric
(antisymmetric) with respect to inversion i. For the dou-
bly degenerate modes, E,,, the subscript m denotes those
types the modes that are transformed using the .S,,” sym-
metry operation.

The achiral CNTs have three classes of twofold axes
(G5, ¢y, and C,””) passing perpendicular to the princi-
pal symmetry axis C,. There are also modes with "dual”
symmetry with respect to the different classes of the
C, symmetry operations. Namely, such modes are sym-
metric with respect to one class and antisymmetric with
respect to the other class of the C, symmetry operations.
Figure 2 illustrates this situation taking the Raman inac-
tive mode B, as an example. The B, mode is a tangential
mode corresponding to equal (in absolute value) displace-
ments of all atoms in each layer* from the equilibrium
positions. This mode is antisymmetric with respect to the
C,” and C,” symmetry operations and symmetric with
respect to the C,”” operation. Such an ambiguity makes
impossible assignment a definite subscript (1 or 2) to the
B, mode. The reason is that the S, operation requires the
smallest structural fragment be comprised of two adjacent
atoms. For the same reason we cannot assign particular
numerical subscripts to some other modes. It is in this
sense that the primitive cell of the (n,n)-CNT comprises
two atoms. Below, this will affect the determination of the
Raman active vibrations. It should be noted that consid-
eration of the (n,0)-CNTs presents no difficulties because
of the simpler structure of the elementary fragment (single-
atom primitive cell).

Using the above-mentioned symmetry conventions,
we calculated complete vibrational spectra of the
(n,n)- and (n,0)-CNTs with n = 9—12. We started from
constructing the dynamical matrices (2) for both poten-
tials employed and then numerically solved Eq. (1). The
eigenvalues and eigenvectors of this equation describe a
complete vibrational spectrum. The fundamentals in the

* A layer comprises the atoms characterized by equal z-coordi-
nates and lying in the plane perpendicular to the long axis of
the CNT.

Cy

Fig. 2. Tangential vibrational mode B, corresponding to equal
(in absolute value) atomic displacements from the equilibrium
positions. Shown are the C,", C,”, and C,”” symmetry axes with
respect to which the Bg mode is symmetric or antisymmetric.

calculated spectra of CNTs with even (I) and odd (II) n
values are distributed among symmetry species as follows
F(n’n)l=2A1g+2A2g+2Au+ 1 Bll.l+ 1 B2u+
+4By+2E, +4E, +4E,, +
+ 2 E2Ll + eee + 2 E(n—l)g + 4 E(n—l)u’

l"(,,’n)“ =2 Alg + 2A2g +2 Ag +1 Blu +1 B2Ll +
+4 Bu +6 Elu +6 Ezg +...+6 E(n—l)g!

T =2A1,+ 1A, +3A,+1B, +2B,, + 3)
+3By+3E, +3E, +3Ey+
+3Ep + . ¥ 3E(_1yg T 3 Epupyus

l"(,,’o)“ = 2Alg +1 Azg +3 Ag +1 Blu +2 Bzu +
+3 Bu +6 Elu +6 E2g +...+6 E(n—l)g'

The selection rules for the Raman active modes from a
complete set of normal modes are considered below.

Determination of Raman active vibrations

Transition probabilities for the Raman scattering are
determined using well-known rules.!! Let y; and y; be the
total wave functions of the initial and final states with the
energies E; and Ej, respectively. The probability of the
transition E; — EJ is proportional to the square of the
transition momentum M

My = [v;Mydv. 4)

In the case of Raman scattering Mis the dipole moment
P induced by the external electric field E (ﬁ = oF R
where o is the polarizability tensor). Therefore, determi-
nation of the Raman transition probabilities requires cal-
culations of the following integrals

f\yj*oaégw,d Vv, (5)

where og are the individual components of the polariz-
ability tensor or their combinations and & and { are the
respective Cartesian coordinates. If for at least one com-
ponent oy the integral (5) differs from zero, the transi-
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tion y; — y; is allowed. Integration is performed over a
complete set of the electron and nuclear coordinates. Cal-
culations of integral (5) in the explicit form is a compli-
cated quantum-chemical problem. At the same time it
can be essentially simplified if we are interested in assess-
ment of the allowance of a particular transition in the
Raman spectra rather than the values of the transition
probabilities.

The total wave functions appeared in integral (5) can
be approximately represented as products of the wave
functions for the electron motions and the molecular vi-
brations and rotation, ¥ = WelWVibyrot assuming that these
motions are executed independently.15:18 It is possible to
select only the vibrational degrees of freedom (see, e.g.,
Ref. 18). The corresponding integrals in expression (5)
are as follows:

j%Vib(XQQWiVide (6)

The vibrational wave function is a real function and can
be represented as an eigenvector of the dynamical matrix.
When determining the allowance of vibrational transi-
tions in the Raman spectra at the I'-point of the Brillouin
zone the problem is additionally simplified: it is sufficient
to consider the surface integral instead of the volume
integral, since there is no dependence on the z co-
ordinate. Then, the integral (6) can be transformed as
follows

J-ijib(xicwivibdxdy. (7)

In the simplest (and most interesting) case the wave
function of the initial state / has an A, symmetry. Then
the considered transition is allowed if at least one compo-
nent of the polarizability tensor has the same symmetry as
does the excited vibrational state j. In other words, allow-
ance of a Raman transition requires that the components
of the polarizability tensor behave with respect to symme-
try operations in exactly the same way as does the wave
function of the excited vibrational state. From this it fol-
lows that the totally symmetric mode A, is always Raman
active, since the polarizability tensor always has totally
symmetric components.!5 Then, taking into account the
fact that the wave function of the totally symmetric mode
A\, is a constant, it is sufficient to analyze the following
integral

Jw o dxdy. ®)

Examination of the components of the polarizability
tensor for achiral CNTs (see Appendix) reveals that only
the diagonal elements (o.,,, Olyys o,,) and the Oy, and Oy
components (o, = o,,) differ from zero and that the
principal axes of the tensor coincide with the natural axes
of the CNT, as follows from symmetry considerations.

The nonzero components of the polarizability tensor, ex-

0, — O

o

xys O

VX

Fig. 3. Schematic representation of the nonzero elements of the

polarizability tensor, o, Oy, Oy and (o, — ocyy).

cept for the o, and (o, + (xyy) components having con-
stant values, are shown in Fig. 3.

Relations between the symmetry of the allowed vibra-
tional mode and the nonzero components of the polariz-
ability tensor have been well documented (see, e.g.,
Ref. 2). Earlier, the allowance of particular vibrational
modes was inferred based on the results of similar exami-
nation. This formal approach was found to be inadequate
in the case of CNTs, since the symmetry of the polariz-
ability tensor and the vibrational modes can be related
only for those molecules which, first, have a definite point
symmetry group and, second have a single-atom primi-
tive cell. The achiral CNTs do not fulfil these require-
ments, since their symmetry cannot be completely de-
scribed by the point groups and the primitive cell of the
(n,n)-CNTs is comprised of two atoms. Therefore, the
only way to determine the allowance of a particular vibra-
tional mode in the Raman spectra requires is to evaluate
(even qualitatively) the integral (8).

Raman active modes of (10,10)-CNT

Let us apply the proposed strategy for determination
of the Raman active modes to the (n,n)-CNTs with even
n values taking the (10,10)-CNT as an example. The pro-
cedure requires examination of each normal mode and
comparison of its symmetry properties with the properties
of the components of the polarizability tensor with re-
spect to all symmetry operations of the CNT. In this case,
the three nonzero components (o, + o), (O — 0),
and o, act as "sieve” to pass all the vibrational modes
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listed in expression (3). Since in this work we are dealing
with the vibrations at the I'-point of the Brillouin zone
(see above), cyclic boundary conditions were used. The
(n,n)-CNTs were simulated by two layers of carbon atoms
(a total of 4n carbon atoms in the cell). The cell of the
(10,10)-CNT contained a total of 40 atoms, while the
total number of the vibrational modes, including zero
modes, is 120.

The problem of determination of the Raman active
modes is essentially simplified, since we can beforehand
exclude a large number of the Raman inactive modes.
First, these are all modes that are antisymmetric with
respect to inversion i (labelled by subscript u), since all
components of the polarizability tensor are symmetric
with respect to this operation.!’

Second, all the B modes are also excluded since they
are antisymmetric with respect to the .S,, operation. Since
all these modes correspond to equal absolute displace-
ments of all atoms from the equilibrium position, they
should be compared with the o, or (o, + (xyy) compo-
nents of the polarizability tensor, which also have con-
stant values. However, both these components are sym-
metric with respect to the .S,, operation, which means
that all the B modes are Raman inactive.

Third, the A,, states are also Raman inactive, since
they are antisymmetric with respect to the C, symmetry
operations, whereas all the nonzero components of the
polarizability tensor or their combinations are symmetric

y
a
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with respect to the C, symmetry operations. Thus a set of
the nondegenerate Raman active modes includes only the
Aj, modes.

Mention may be made concerning determination of
the Raman active modes among all the doubly degenerate
normal modes E,,, (m =1, 2, ..., n — 1). As is shown in
the Appendix, the (o, — (xyy) or oy, components are pro-
portional to sin(2¢+®), where ¢ is the angle between the
x axis and the running direction and @ is a phase. If
atomic displacements from the equilibrium positions are
assigned signs, each E,,, mode behaves in proportion to
sin(mo+y), where y is also a phase. Therefore, evaluation
of the integral (8) is reduced to calculations of the follow-
ing integral

2n
Jsin2e+®)sin(me+y)do, )
0

which differs from zero only at m = 2. Therefore, only
four E,, modes are added to the two A;, modes for the
(n,n)-CNTs with even n values. Thus, simple consider-
ations show that among all the normal modes listed in
expression (3), only the A}, and E», modes can be Raman
active.

Let us consider now the "fine" structure of the vibra-
tional modes with E,, symmetry (Fig. 4) taking the
(10,10)-CNT as an example. As can be seen, these modes
can be divided into two groups: the modes (a), (b), and (d)

S

A \'VV'/,

X

Zylv N
=

«<
<
e

[ vy

RENIVA

Fig. 4. Schematic representation of all the E,, vibrational modes (a—d). Arrows illustrate atomic displacements from the equilibrium
positions. The modes have a four-lobe shape. The relative direction of the displacement vectors of adjacent atoms is noteworthy.
Figure ¢ corresponds to the out-of-phase vibrations of adjacent atoms.
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belonging to the "in-phase" vibrations, when the vectors
of displacement of two adjacent atoms from the equilib-
rium positions are mainly collinear, and the mode (c¢)
characterized by opposite directions of these vectors. This
is a consequence of the presence of two atoms in the
primitive cell.

Now consider the procedure for evaluating the inte-
grals (8) in more detail. The wave function of the vibra-
tional state in the integral (8) is in fact a discrete set of the
vectors of atomic displacements from the equilibrium po-
sitions and the integral (8) for the (n,n)-CNTs can be
represented as the sum

2n k /
2 ¥ 00 (0, (10)

where ‘I’/‘ is the discrete wave function of the vibrational
state, k is the number of the atom in a particular layer,
j labels the type of the normal vibration, and the index
[ labels the individual components of the polarizability
tensor and/or their combinations, which determine the
Raman transitions. The argument ¢, explicitly indicates
the need of calculations of the products of the atomic
displacements from the equilibrium positions and the
components of the polarizability tensor at the same angles
in the polar coordinates. The sign convention can be made
arbitrarily. For instance, the signs of the components of
the polarizability tensor can be chosen in accord with
formula (14) in the Appendix and the discrete wave func-
tion of the vibrational state can be assigned a plus sign if
the vector of the atomic displacement from the equilib-
rium position is directed toward an increase in the radius
and the minus sign otherwise.

If for at least one component of the polarizability ten-
sor labelled by index / the sum (10) differs from zero, the
corresponding Raman transition is allowed. In the case of
achiral CNTs this procedure is simplified, since symme-
try of the polarizability tensor and wave function of the
vibrational state E,, coincide and their four-petal plots
are simply superimposed.

If we superimpose the plot of the (o, — oy,) or oy,
components of the polarizability tensor (see Fig. 3) on the
plot of the mode (c¢) (see Fig. 4), the sum (10) will be
equal to zero because of the alternation of signs of the
mode (¢). From here it follows that the E,, mode is Raman
inactive. For the remaining three E,, modes the sum (10)
differs from zero.

Thus, analysis of the vibrational modes for the
(n,n)-CNTs with even n values shows that only five of
them can be Raman active. The calculated frequencies
(incm™!) of the (10,10)-CNT are as follows: 12/17 (Ey),
150/156 ("breathing” mode, A,,), 331/342 (E,,), and two
high-frequency tangential modes 1673/1583 (E,,) and
1686/1580 (A;,). Here, the frequencies calculated using
the Brenner potential are given in the numerator while

those obtained using the Menon potential are given in the
denominator.

Similar examination of the (n,n)-CNT with odd
n values predicts a total of six Raman active modes
(2A, +4Ey).

In the case of the zig-zag (n,0)-CNT calculations of
the Raman active modes are simplified because of the
single-atom primitive cell of such CNTs. As a result, the
"fine" structure of modes disappears and it is sufficient to
determine symmetry of a particular mode to resolve the
problem of its Raman activity. Analysis predicts five
Raman active modes (2 A}, + 3 Ey,) for the (n,0)-CNTs
with even 7 values and eight modes (2 A, + 6 Ey,) for the
(n,0)-CNTs with odd #n values.

Note that the results of calculations using the Menon
potential are in excellent agreement with the experimen-
tal data.

* * *

In this work we presented a strategy of determination
of the number of Raman active modes in achiral (n,n)-
and (n,0)-CNT. In contrast to earlier studies that pre-
dicted eight Raman active modes for each type of CNTs,
in this work we have shown that the number of the Raman
allowed modes depends on the type of the CNTs and on
the evenness of the #n value. The advantage of the ap-
proach employed is exclusion of preliminary complete
group theoretical analysis of the symmetry of CNTs and
the possibility of determination of the Raman allowed
vibrational modes by comparing the signs of the atomic
displacements from the equilibrium positions and the
components of the polarizability tensor.
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Appendix. Structure of components
of polarizability tensor of CNTs

1. Let us consider the non-resonance Raman transitions.
For simplicity let the CNT be a thin-walled uniform cylinder of
a rather large diameter.

2. Let the external electric field be applied along the x axis
perpendicular to the vertical axis z. Clearly, the electric field can
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Fig. 5. Components of the electric field and polarizability vector
for a cross section of a CNT in the plane perpendicular to
the z axis.

not induce polarization along the z axis (at least, for achiral
CNTs), since the "top" and the "bottom" of CNTs are equiva-
lent. Therefore, the o, and o, components of the polarizability
tensor equal zero.

3. Let us examine now how the diagonal (o.,,) and off-diago-
nal (oy,) elements of the polarizability tensor depend on the
angles. Consider a cross-section of the CNT in the (xy) plane
(Fig. 5). Apparently, at the point A (¢ = 0) the polarization
vector has the normal component P, n= anlf only, where a,, is
the polarizability along the normal direction. For the same rea-
sons, only the tangential component, P .= aTE_> , exists at the
point B (¢ = 1/2); here, a, is the polarizability along the tangen-
tial direction. Naturally, the in-plane polarizability of the CNT
is larger than the polarizability along the perpendicular direc-
tion: a; > a,.

4. Let us consider now a point C. The radius-vector of this
point makes an angle ¢ with the x axis. The electric field at this
point has the normal (£, = Eycos) and tangential (£, = Esing)
components. The normal and tangential components of the po-
larization vector at the point C are given by the following ex-
pressions

P, = a,E\cos, (11)
P, = a. Eysing,

while the x- and y-components of the polarization vector Pat
the same point C are

P, =P, cosp + P sing, (12)
P, = P,sing — P cose.

Substituting the expressions for P,” and P, given by formu-
las (11), one gets

P, = (a,cos’p + asin’e) Ey, (13)

P, = (aysingcosp — asingpcose) £,

From this it follows that the o, and o, components of the
polarizability tensor are

Oy = a,c08(29) + a;sin(29), (14)
Oy, = —0.5(a; — a,)sin(29).

Expressions for the o, and (o, — 0,,) components can be
obtained analogously. All the nonzero and non-constant com-
ponents of the polarizability tensor are shown in Fig. 3.
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